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Theory of computation

Lecture 3: Nondeterminism
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e Review
e Nondeterminism
e Equivalence of NFAs and DFAs

@ Closure under the regular operations
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Regular operations

AT1NawlaRey 3 regular operations:

Let A and B be languages. We define the regular operations union,

concatenation, and star as follows.

o Unonn AUB = {x|x € Aorx € B}
e Concatenation: 4 o B = {xy|x € A and Yy € B}

o Star: A* = {x1x, ...x; |k = 0 and each x; € A}
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ATINUAITTIALEAITT regular language WidaraLATA

NN ﬂlﬁ union

lagsn lavinn1ssnead 2 finite automata @28 1 finite

automaton
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L@ TNNIT 90w b RINITBNN M UanIn set Wa4d regular

language ﬁuﬁﬂmawﬁaﬂ@ﬂﬂ o1lé concatenation

KNG union I lUNTanN® YNl simulate WSaNNW
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81U string w € Ay o A;wuinlduas x uaz y i w = xy us:
X €EAqusry € A,

A A;

ln19&314 finite automaton M 813U Aq © A, 910 My usz M, 1

recognize Ajus: A, UhiIN0B9INNTINRE M NRLAAaUrNE8I X U2
ITNABYIIY M, 61891N1LaE

w”umﬂmaﬁ%uaﬂ’hq@"l%uﬁ X %q@uﬁami"l,ﬂ@ia LN T2
NIINBDIIIZHI accept state LgazilgzdINUNL
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®UNAIT machine TﬂﬁLﬁ’]ﬁ’]ﬁJ’ﬁﬂL@WVL@ﬁ’] X %U@]ﬁdvl,%%

AINUNUIZINR8I M, U input string Navlwa1nvas x e

NnuAzNIzlaa bl start state 1w M, 1%83371030 x Las accept
string w = xy .38 machine vxq@ﬁ accept point U19aU 09 M,

Computer Science, CMU



Nondeterministic Finite Automaton N1

ADULANAI

+ anAI8anaN state 4 symbol 1 (15U 1 sanwaIdulu q,)
+ symbol e (W% q, §3U 1 w1l Inulais)

- 4 empty string €

Y

P=§ (% = 1 v 1 A = o 1 =
nsadasifen tiazianmalnn 1wl g, wia g, @ etalsd

(8239 simulation)
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Deterministic and Nondeterministic Finite Automata

AaWARITLINININTIWN finite automata 1 state n”avlﬂﬁfugﬂ
G@FWIN input alphabet Waz current state

N1IAN7 DD LL@iazmvugﬂﬁmu@azmLLmLuauﬁ]zgm’%zmd’]

deterministic computation
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DNE1WAILIAE 1ib nondeterministic computation 14 WARZ

YU ARAYNIILRDN

(V) qu p=| U (o> A . . . .
AIbL312 LS8N LA E9N W LULa8 A deterministic finite

automata(DFA) LLaZ nondeterministic finite automata(NFA)
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Nondeterminism is a generalization of determinism,

so every deterministic finite automaton is automatically a

nondeterministic finite automaton
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wiseINwaIaandunae 9 copy kaawunniullnnnn

Huld leawsan gnu
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o bllany input N las0 be

_ A
e < accept string Wals

A v v A A 4, o o & A
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accept state 137132 accept input Ui
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String n N, accept Aoazls
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String ‘ﬁl N, accept Aaazls 1% {0} W alphabet 283 N,
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Formal definition of NFAS:

Wan 9 N61931N DFA
Transition function 5:

JU current state W&z symbol b % U {E}
output L4 subset Va4 states Q
fruald 2. = X U {€}
LN P(Q) @18 power set VaILTH Q

15719 1¢71 state transition O &§1%3U NFA LOuWInswann

Q XX = P(Q)
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A nondeterministic finite automaton is a 5-tuple

(Q,%, 9,9y, F) where

() is a finite set of states

2. is a finite alphabet

0:Q X X = P(Q) is the transition function
qo € Q is the start state

F < ( is the set of accept states

Computer Science, CMU



1?%’@&1% formal definition V& N1

0,1 0,1
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0,1

0,1

Nl LS (Q,Z, 5, C[O,F) where
Q = 191,92, 93,94}

x ={0,1} - " -
0: 41 g1} 191,92} 0)
d1is the start state a2 {gs} @ {g3}
F = {q4} a3 0 {q4} 0)
44 {94} {q4} 0)
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889L08% formal definition V8- N,

0,1

1 0,1
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Formal definition of computation of NFAs

%N =(0,%,8, g0, F) \Ju NFA uazl# w 1w string U
alphabet )
19192080731 N accept w BLRINITOTEU W = wyw, ... W,

Nueiaz w; .WUINITNVRILTOANUIL T, WaSNRI1ALVAY state
1 A é/ A 1 1 o vV
roTy Ty % Q MNAUnTLIa by 3 3w luaddt

1. Tg ={(p
2 Tipg1 € 0(1;, Wiyq),fori=0,1, ..., n-1 — gunaiiuiuaa
3 1, EF
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NFA JWRININNI1 DFA?

@ILWRIVBY nondeterminism (A4 Llkuau) virlia
P~ 1 = 0/ 1 = 1 w U
HUaUIN NFAs Awadnnnnin wlauinguian e

waaNLT AT ILR2 DFAs ez NFAs %1 recognize AN

class L@8IN%

13719218N731 2 machine % equivalent NWAININY

recognize NMBLALINY
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luﬂﬁﬁﬁtgﬁ]ﬁ'iﬁ equivalence

A 6
Wt:f"ﬂ% 2 N4

N9 FNRUA DFA 31 1Aua83719 NFA 9 recognize AN

A8k N9ikdnn DFA u NFA aguan (vlw)

N19Ndad Trua NFA 31 1iLaI83719 DFA 91 recognize

= 9 ‘:g/ 1
1WA IN U ‘V]’N‘I/LVLNG’] tJ
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Theorem

Every nondeterministic finite automaton has an equivalent

deterministic finite automaton

mazﬁgmﬁama%
¥in@aL0% automaton
dl o Qu/ U 1 [~ Qu/
IR wa L NFA N 81 1#@a31 DFA M 1Duawlginw N

Ui M a093102 159D L T9w N La
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$ 093102 131119
ﬁaaﬁi’ﬂ’]LL@iaz@T’aagmavlmuﬁw

NLIN state NOW

4

U 1

v A

G195 LT 61U aw‘iﬁLL%mﬁﬁ]zangL@wﬂLLuu

v & v | Q/ tﬂl = o A
UWNGBILLWRULTAVDY state NLIN wwAa 16 LUL
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1319261899713 input LL@ia:avuamuzriauaglj'ﬁvl,%uﬁw

wananiunanaazdulyldinune state 813328 copy NTINAUA
23N WLI% copy LaIE?

wanin state annanduld ez
19,{91}, 192}, {93}, 191,92}, 191, 93}, 192, 933,191, 92, 933}
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%N =(Q,Z,6,q,, F) 1\ NFA

171928319 DFAM = (Q', 2, 8", g4, F") 1 recognize N1
1AM
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NITWN1E)

L%

N laifianesnd input 1w € (roaadasnuniuilen)
Q' =P(Q)

01 N 104 state g € Q WaIL input symbol a € %, N 8193z¢2
ey state 6199 1 (g, a)

M azviaindunans g state I N hde state vad M LTuun9
state R C Q 148 a vJu input state na lUNazduldlana

6’(RJ a) — UqER 5(61; a)

qo = {40}
F'={R € Q'|R # accept state 223 N}
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WINH € 20NN LT

d:ll di = I % Y/ I a
[asanidladl € aguugnas N azanunInde laagndase
anuanaslaun laidaaiu input

ANAINWADUIN LAKLAIRDE copy NILBY
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BN §1WIU state g € Q14 D(g) L DwLraud state NIRUA

nldlean g dunsgnas € iudmwan 0 sududuly

AIUBUINBEN LRINWAZRINTDLARDUNENIBFT 1 state
lag Alaln D(q)
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D(q) aiw | laaeilu definition 284 NFAs siuatilunisdaiy
VDI

()

A A , a o
NWNANTIUT M 1 start R € Q' 1 Q'LUu powerset Va3 Q

ey ER)viulmauad state 7 b 1609370 state 1 R lag
AuNIanas e tuduan 0 duwduduly
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wwda E(R) = {q|q smansnluldfisan state lu R

laehunsanas € udman 0 dwduduly}

LIUINTINNBA 167N

6'(R,a) = Uger E(6(q,a))

Fix @I@Léwﬁu start states = q(') = E({CI()})
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1ad NFA Lt DFA
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e Start state
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Lﬁa\‘lﬁﬂﬂlmlﬁiazﬁ]‘@ﬁ N 11497% M maintain set 284 state
NIRNA N N mmmvl,ﬂa%jvlﬁ M 132 simulate N Lelaging
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= v

dl o quj o U/ U/ dl g
ﬁ]’]ﬂ‘ﬂLi’]‘l’ﬂvl,@uﬂ’]l%ﬁ’]v[,@ﬂmawu NNN9Un8Y regular

language

A language is regular iff some nondeterministic finite

automaton recognizes it

o d‘y QU QU a Y = 1
FLLUB LO LN TR0 9 LS

Computer Science, CMU



11489310 NFA-DFA equivalence ¥l#i31 haigaaa3ns
deterministic finite automata &1WILLEAIIN regular

operations (concatenation union star) ﬁqmauﬁaﬂ@ Bhla

8314 nondeterministic finite automata LN
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Concatenation
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