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บทที่ 5
อัลกอริทึมแบงแยกและเอาชนะ 

(Divide and Conquer algorithms Part2)
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บทที่ 
5 Matrix multiplication
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Matrix multiplication. Given two n-by-n matrices A and B, 
compute C = AB , cij = ∑ 𝒂𝒊𝒌𝒃𝒌𝒋

𝒏
𝒌ୀ𝟏

Grade-school. Θ(n3) arithmetic operations.

Is “grade-school” matrix multiplication algorithm asymptotically 
optimal?
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5 Matrix multiplication in sub-quadratic time : Brute Force
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Matrix multiplication. Given two n-by-n matrices A and B, 
compute C = AB , cij = ∑ 𝒂𝒊𝒌𝒃𝒌𝒋

𝒏
𝒌ୀ𝟏

Grade-school. Θ(n3) arithmetic operations.
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 To multiply two n-by-n matrices A and B:
 Divide: partition A and B into ½n-by-½n blocks.
 Conquer: multiply 8 pairs of ½n-by-½n matrices, recursively.
 Combine: add appropriate products using 4 matrix additions.
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5 Block matrix multiplication: warmup
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 Block matrix multiplication
 8 Matrix multiplication of n/2*n/2 matirces
 4 Matrix Addition of n/2*n/2 matirces

Running time = ?
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5 Strassen’s trick

7

 Key idea. Can multiply two 2-by-2 matrices via 7 scalar 
multiplications (plus 11 additions and 7 subtractions).
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5 Strassen’s trick
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 Key idea. Can multiply two n-by-n matrices via 1/2n-by-1/2n 
matrix scalar multiplications (plus 11 additions and 7 
subtractions).
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 Theorem. Strassen’s algorithm requires O(n2.81) arithmetic 
operations to multiply two n-by-n matrices.
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5 Analysis of Strassen’s algorithm
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Theorem. Strassen’s algorithm requires O(n2.81) arithmetic 
operations to multiply two n-by-n matrices.

 Pf.

 When n is a power of 2, apply Case 1 of the master theorem:

 When n is not a power of 2, pad matrices with zeros to be 
n’-by-n’,where n ≤ n’ < 2n and n’ is a power of 2.
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5 Quicksort expected running time analysis
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The idea of Quicksort
 Sorts “in place” (like insertion sort)

 Based on the D&C paradigm like merge sort

 Divide: Partition the array into 2 subarrays around a pivot x 
such that elements in lower subarray ≤ x ≤ elements in 
upper subarray.

 Conquer: Recursively sort the 2 subarrays.

 Combine: No need

 Key:Linear-time partitioning subroutine.

x ≤ ≤ xx
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 Input: An array A and indices p and r
Output: An sorted array A

QuickSort(A, p, r)

1. if p < r then 

2. q = Partition(A,p,r)

3. QuickSort(A,p,q-1)

4. QuickSort(A,q+1,r)

Initial call:QuickSort(A,1,n)

Partition(A, p, q) //A[p. . q]

1. x=A[p]  //pivot-> A[p]

2. i=p /* i->splitpoint*/

3. for j=p+1 to q // j-> unknown

4. if A[j] ≤ x then

5. i=i+ 1

6. swap(A[i] ,A[j])

7. swap(A[p],A[i])

8. return(i) 
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1 2 3 4 5 6 7 8 9
20 3 28 12 1 29 11 14 25x=20

p q

A
i j
20 3 28 12 1 29 11 14 25

20 3 28 12 1 29 11 14 25
i j

ji
20 3 28 12 1 29 11 14 25

ji
20 3 12 28 1 29 11 14 25

ji
20 3 12 28 1 29 11 14 25

ji
20 3 12 1 28 29 11 14 25

ji
20 3 12 1 28 29 11 14 25

ji
20 3 12 1 28 29 11 14 25

ji

20 3 12 1 11 14 28 29 25

14 3 12 1 11 20 28 29 25
i j

. . .
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5 Quicksort expected running time analysis
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 Assume all input elements are distinct.

 In practice, there are better partitioning algorithms when 
duplicate input elements exist.

 Best case : Occurs when the subarrays are completely 
balanced every time.

 Each subarray has ≤ n/2 elements.

 Let T(n)=best-case running time on an array of n elements
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 Let T(n) = worst-case running time on an array of n elements
 Input sorted or reverse sorted.

 Partition around min or max element.

 One side of partition always has no elements 
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 Randomizedquicksort : Randomized Algorithm
 Partition around a random element.

 Running time is independent of the input order.

 T(n)= O(n log n)

 The worst case is determined only by the output of a 
random-number generator

RandomizedPartition(A, p, r)

1. i = Random(p, r);

2. swap(A[p],A[i]);

3. Partition(A, p, r)
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5 Quicksort expected running time analysis
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Balanced partitioning

 Quick sort ’s average running time is much closer to the best 
case than to the worst case.

 Imagine that PARTITION always produces a 9-to-1 split.

( ) (9 /10) ( /10) ( )

( log )

T n T n T n n

n n
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 Consider the modified version of binary search. 

 Let us assume that the array is divide into 3 equal parts 
(ternary search) instead of two equal parts.

 Write the recurrence for this ternary search and find its 
complexity.
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5 Binary search : Time Complexity Analysis
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 Binary search has the recurrence relation:

 Instead of “2” in the recurrence relation we need use “3”. 
That indicates that we are dividing the array into 3 sub-arrays 
with equal and considering only one of them.

 So, the recurrence for the ternary search can be given as

 Using Master theorem, we get the complexity as 
O(log3 n) = O(log n) 

)1()
2

()( O
n

TnT 

)1()
3

()( O
n

TnT 
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5 Binary search : Time Complexity Analysis
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 For previous problem, what if we divide the array into two 
sets of sizes approximately one-third and two-thirds.

 We now consider a slightly modified version of ternary search 
which only one comparison is made which creates two 
partitions, one of roughly n/3 elements and the other of 
2n/3.

 Here the worst case comes when the recursive call is on the 
larger 2n/3 element part. So the recurrence corresponding to 
the worst case is
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 Using master method, we get the complexity as O(log n) 

 It is interesting to note that we will get the same results for 
general k-ary search (as long as k is a fixed constant which 
does not depend on n) as n approaches infinity.


