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Fractional Binary Number [3]

Representation Value Decimal
0.0, 2 0.040

0.01, - 0.25¢¢

0.010, 2 0.2510
0.0011, i 0.1875;,
0.00110, 5 0.1875;
0.001101, L 0.203125
0.0011010, s 0.203125
0.00110011, S 0.19921875,
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Floating Point

COMPUTER SYSTEMS
A Programmer’s Perspective

° IEEE Floating Point

Practice Problem 1

a 1 3 6
Wwaesas luflvasysol

Fractional value Binary representation Decimal representation

. 0.001 0.125

3

4

25

16

10.1011
1.001

5.875
3.1875
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[EEE Floating Point

[ Y=

a a 6 1 1
* Tuafagnanaaanaashaazag A19NSNIZNITLEAS
@118 Floating Point NLANA19NWaan 1Y (ifunesgmnme

‘lﬁmwau‘laﬁumwL'?'smnn'iwhﬁgnéfaa [- -
® IEEE standard 754

szl 1985

mmgﬂ%nmaa"m%'u Floating Point

s95ulae CPU &1d1n
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Floating Point Representation

* N13WNKAN Floating Point aglugluuy

ansuMLIAgINBALUNTIDSN

204111 = 2.04111 x10°
Tugm 10

(-1)5 x M x 2F

* Sign Bit s \ilw bit TuanINIwINWIBUINKI oA
* Significand M 1\Jw3132% 194229 1.0 §9 2.0 (M: mantissa)

* Exponent E TMyABAARIALDIINHIBNADINITUNKAT
o o 1 [~
luguiasfi E 209 2 (£ anansaianin + 0 wia - 1a)
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Precision options

¢ Single precision: 32 bits

S exp frac

1 8-bits 23-bits

® Double precision: 64 bits

S exp frac

1 11-bits 52-bits

11

Bit-Level Representation
* MSB 1%unw Sign Bit s

* Bit 14729 exp 1uaAIAT £ a2823udasan

. 1 ¥ 1 v A 1
* Bit 119 frac lHuansa M aaa3suladsan

S exp frac

S E M
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

3 Cases of Value Represented

IFENITANLITIRIRNEIANTAUEAIAIAIY N1ATF I floating point T
[ a 1 [< [
aanii 3 n3a laafa1sas191nA exp LwAan

¢ Case 1: Normalized Value
n3tk exp laladaniin 0 nn bit ©3a 1 nn bit (exp = 000..0and exp #111..1)
Lﬁumtﬁﬁwulﬁ'ﬂaﬂﬁqm
¢ Case 2: Denormalized Value
vt exp Haniwno 1N bit (exp = 000...0)
1% unwan 0 wazaaafilnaiass 0 ann
¢ Case 3: Special
N exp Aanil 1 10 bit (exp=111..1)

NaN (Not a number), infinities (00 %38 -00)

I S | exp | frac

12
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Visualization: Floating Point Encodings

-0

L] -Normalized I—Denorm n E+Denorm | +Normalized +|OO|

1 | taln: | I 1

NaN / \ NaN
-0 +0

ey,
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Case 1: Normalized Value

°* nsob: exp # 000...0 and exp # 111...1
° @1 E awamslalagnis udasann exp:
E = exp - Bias
exp: unsigned value

Bias = 2K - 1, where k 3131 bit 289 exp
® Single precision: 127 (exp: 1...254, E: -126...127)

® Double precision: 1023 (exp: 1...2046, E: -1022...1023)

| s | exp | frac | | s | exp | frac |

1 8-bits 23-bits 1 11-bits 52-bits

15

Floating Point

® Normalized Value

Bryant - O’Hallaron
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Case 1: Normalized Value 2]

| s I exp | frac |

* @1 M émwanlain gas:

M = 1.xxx..x,
xxx...x: bit 9IN&M Frac
@1 minimum 4@ frac =000...0 (M = 1.0)
@1 maximum Lfia frac =111...1 (M = amost 2.0)
\aganatanaansn (Mw1an) Aan 1 e

o 1o [~ 1 ¥ 1 [V
* ilnlasniluaasla bit haslil Tun1sunwarszau
bit (W21 1Al G A awAIIL)

(-1)sx M x 2F 16



Example 1: Decoding

| s | exp | frac

¢ 8 bit format

4-bits 3-bits

4 exp bit (k) Bias = 2k1-1

3 frac bit (n) E = exp - Bias

° AIWITIRIAT 0 0110 111 M= 1.xxx.x,

e: exponent bits

® hi =941 _ 1=
bias = 2 1=7 f fraction bits

Exponent Fraction Value
Bit representation e E 28 f M 2ExMm v Decimal
00110111 6 -1[1/2| 7/8[15/8] 15116 15/16 09375
*
17

Practice Problem 2 &

E = exp - Bias

M= 1.xxx..x,

Wwaa e inaay ol [] e [ o
1 bis it

Bit Exponent Fraction Value
Representation = ™p" 5" T M 2ExM  V_ Decimal
0 0001 000
0 0110 14/8
0 000 1
o o010 7
0 110 1792/8
0 1110 240.0

e: exponent bits

f: fraction bits 19
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Example 2: Encodin

| s | exp | frac

® Value: float F = 204111.0;

204111,, :I.|19@@11101@10911112
1.10001110101001111, x 217

1 8-bits 23-bits

¢ Significand

M = 1.10001110101001111
frac = 10001110101001111000000
® Exponent
E = 17
Bias = 127
exp = 144 = 10010000,
® Result
0 10010000 10001110101001111000000
s exp frac 18

Floating Point

| secordcie

COMPUTER SYSTEMS

A Programmer’s Perspective
)
)
)

Bryant - O’Hallaron

® Denormalized Value

20



204111: Fundamentals of Computer Science

from Carnegie Mellon University's 15213 course slide by Greg Kesden

Case 2: Denormalized Value

° nsak: exp = 000...0
° @1 E e latagnis udasann exp:
E =1 -Bias

° a1 M @manlaain gas:

M= 0.xxx...x,

xxx...x: bit 31N&M frac

21

. ® Bias = 2k1-1
Practice Problem 3

E =1 -Bias
M= O.xxx...x,
A % 6
LANA319 197 GEGTRLS Ls] exp I frac |
1 4-bits 3-bits
Bit Exponent Fraction Value
R i B
epresentation e E 2F f M 2F x M |4 Decimal
0 0000 000
0 0000 001
0 0000 010
0 0000 011
0 0000 110
0 0000 111
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Case 2: Denormalized Value

° w2 n3tt
exp =000...0 lLae frac =000...0
° UNWAI 0
* g§otnaAn13NAT +0 LAz -0
exp =000..0 tas frac= 000...0
* Smamiaarlnaiaes 0

® 2%IIUIITEHINWIDTIWIWBLNN
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Floating Point

=
COMPUTER SYSTEMS
A Programmer's Perspective
[ ]
[ ]
[ ]
Bryant - O’Hallaron
[ ]

¢ Special Value

24
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

case 3: Special Value

° NYOk: exp=111..1
° wuatiln 2 nsdh
exp=111...1 &% frac =000...0
° unNwA 00 (infinity)
* &%31 operation #YIRIAANS overflow
* $ian3fk +00 uaz -00
® 1% 1.0/0.0 = -1.0/-0.0 = +00, 1.0/-0.0 = -00
exp =111..1 k8 frac= 000...0
® Not-a-Number (NaN)
* n3dilala1nsauNwHa Operation a28621a2 Floating Point g
* i,/ (—1), 00 -00,00 x 0
25
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Dynamic Range (Positive Only)

p frac E Value
0 0000 000 -6 0
0 0000 001 -6 1/8*1/64 = 1/512 closest to zero

Denormalized 0 0000 010 -6 2/8*%1/64 = 2/512
numbers
0 0000 110 -6 6/8*1/64 = 6/512
0 0000 111 -6 7/8*1/64 = 7/512 largest denorm
0 0001 000 -6 8/8*1/64 = 8/512 smallest norm
0 0001 001 -6 9/8*1/64 = 9/512
0 0110 110 -1 14/8*1/2 = 14/16
0 0110 111 -1 15/8*1/2 = 15/16 closest to 1 below
Normalized 0 0111 000 0 8/8*1 =1
numbers 0 0111 001 0 9/8%1 = 9/8 closest to 1 above
0 0111 o010 0 10/8*1 = 10/8
0 1110 110 7 14/8*128 = 224
0 1110 111 7 15/8*128 = 240 largest norm
0 1111 000 n/a inf

27

Visualization of 6 Bit Representation

Denser toward

| frac I
zero 2-bits
B A = =3 - - - L3 = A O
—co -10 +10 +00
|+ Denormalized & Normalized = Infinity |
(a) Complete range
-0 +0
e
=i -0.8 -06 -04 -0.2 0 +0.2 +04  +0.6 +0.8 +1

|» Denormalized 4 Normalized = Infinity |

(b) Values between —1.0 and +1.0

Figure 2.33 Representable values for 6-bit floating-point format. There are k =3
exponent bits and n = 2 fraction bits. The bias is 3.

26
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Special Properties ofthe IEEE Encoding

® Floating Point Zero (+0) is Same as Integer Zero
N bit=0
9
¥ = a ° o ¥ a o .
© ﬁ’l&l’liniﬁﬂ’lilﬂiﬂ‘uL‘YIEIIJS]’I%'J% 1%annmﬂnammnn Unsigned Integer
ABINIITW sign bit Naw
kg a 1 a
ADININTMI -0 /AT = 0
ynInsth NaNs
® Will be greater than any other values
® What should comparison yield?
naman 9 1nldandng
® Denormalized vs. normalized

® Normalized vs. infinity

28



Floating Point

COMPUTER SYSTEMS
# A

Programmer's Perspective

Bryant - O'Hallaron

° Rounding

29

204111: Fundamentals of Computer Science

Rounding [2]

*lw IEEE floating-point format F5n1siaLe

Giﬂﬂﬁ%ﬁ\? 453% /‘ IEEE Default
Mode

Mode $1.40 $1.60 $1.50 $2.50 $-1.50
Round—toig/en $1 $2  $2  $2 $-2
Round-toward-zero $1  $1  $1 %2 $-1
Round-down $1 $1 $1  $2 $-2
Round-up $2 $2 $2 $3 $-1

31
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Rounding

° 1 1HadNNITUEAIALUY Floating Point #1a15aUuN%
1 1 =~ Ao o o Yo [~ U =1
A LA BB ANALZLDYANIING N IR NI A DINNTS
Uszanaalaan1siatasine (Rounding) Lzw 16 1.4
—>1%501a1.6 > 2

v a w A = | ‘=|' v []
* aasnvsaananle nsdiafinasnisdadsag

=2 1 -V e [ o

Aenanvsznadnaansnttwldlea 2 31unm

125% 1.5 (1 vs 2)
Taldnielunn? wszazls?

15+25+35+45VS2+3+4+5

30

. m‘sﬂmﬂma'ﬂ@: 15l Default Mode

b S 1 A
u,nﬂzymnsmmm'mﬂmﬂmaaumnmsﬂmﬁuwaaLmn
Bang 1IN (AILEND 138 UNLEND) FLENITINAK

Tlwnsdianasiiaasmsinadnonaiowianu | nsddusg da

. - - o ' AINRAN
1PN ﬂim1jﬂ1ﬁlﬁ%ﬂﬂ%ﬂﬂ 2 ALK - ¢
ARAFAIFAS
1.2349999  1.23 (Less than half way) UnG

1.2350001 1.24 (Greater than half way)
1.2350000 1.24 (Half way—round up)
1.24550000 1.24 (Half way—round down)

32
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from Carnegie Mellon University's 15213 course slide by Greg Kesden

Rounding Binary Numbers

¢ Binary Fractional Numbers
[~ &1 A A o a1 &
L‘]J%La?l@lﬂﬂaL&JBUVI?I'J’]Z!ﬂﬁad’i]'lﬂﬂ’liﬂﬂlﬁE NA Lﬂ%Q
H 1 § & 1 H 1
Lﬁuﬁ&’aamsﬂmzﬁmﬁanmanmaLa‘iaag‘lugﬂ =100...02
® Examples

Uatraaua 2 ALKBIKAY binary point

Value Binary Rounded Action Rounded Value
23/32  10.00011z 10.002 (<1/2—down) 2

23/16  10.001102 10.012 (>1/2—up)  21/4

27/8 10.11]1002 11.002 ( 1/2—up) 3

25/8 10.101002 10.102 ( 1/2—down) 21/2
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Floating Point Operations

¢ Basic ldea
% [ o . .
% x waz y 1warman floating point

(% 6 . 1
NaanduaJd operation @6161 ) TR x AT y
v
azlaan
° NIHIANINVAI X O Y

° A naansn laanilatas (Round) Titznnu
IWIBAMBRINUFAIA LA (Frac)

35
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Floating Point

Bryant - O’Hallaron

Floating Point Operation

34

Floating Point Addition

n173uU3IN
° Aunala
x +f y wnw Round(x + y)
fantinn1sauivasn13uIn (Commutative)
ex +f y=y +f x
Mauﬁ‘&mnﬂﬁsumju (Associative)

- (3.14 + 1e10)- 1e10 F 3.14 + (lel® - lele)
 avannnmsiaten

36



Floating Point Addition [2]

/] 79394 115N 13AIDL 970 code:

X=a+b+ c;
y =b+ c + d;

/I Rarlaminny

t=b+ Cs Floating Point Operation 9z4n13 Round ‘V!nﬂ%’\‘l
X = a + t;

y=1t+d;

llwhy?

37

Floating Point

COMPUTER SYSTEMS

A Programmer’s Perspective

Bryant - O'Hallaron

® Floating Point in C

39

Floating Point Multiplication

Nnl13Ak
LLERA L1

® Monotonicity Properties
a>bandc>0=a xf¢c>b xf ¢
a< bandc<0=a xfe<b xfc

¢ Also guaranteed that

axta =2 0

As long as a# NaN

= T ) a
LAIDINRN FJVLN Waan LNIZINANIT overflow

38

Floating Point in C

C Guarantees Two Levels

+ float single precision

* double double precision

Conversions/Casting

* Casting between int, £1oat, and double ¥ lsisinsulaauuilas
sUuvua9 bit

int > float
* T13i&in15 overflow uadn1silaLai

int/float — double

* agaanld 1189970 double @anvauanIAT 0 Iwzh
N119N71 wazdANLNEIATY (precision) ¥1NNIN

40



Floating Pointin C [ 2]

204111: Fundamentals of Computer Science

* Floating Point 1Az 4289314214939 ‘lugﬂwaa
x X 2Y

° §160133% IEEE 754 Lﬂummmwﬂaa floating point 1n
‘lﬁnumnmﬂfﬂﬂ single precision = 32 bit LLaZ double
precision = 64 bit

¢ Conversions/Casting [Gia]

* double — float
= a 1 1 1A
° 8194017 overflow WINLAKT WAV float BN laitN
a19in15ALeAY 189910 precision Nithasni1 (I1WI%

bit frac %agnin) . ) A v
® IEEE floating point @143 DLLNWATNLA Tawn +oo

- WAL —00 FINDY NaN

° @192QN round toward 0 (truncate) - AANAIVANATEN

e float/double int

° msmwsmmo ) mnﬂ'maoﬂu floating point msm
mﬂmwsmmnomaomn range e preCIS|on ‘YI
il'mﬂ Elﬂ‘ndEN?I’IG]ﬂmﬂuﬂ(ﬂﬂ’ldﬂm(ﬂﬁ’lﬁ(ﬂiﬂﬁﬁ

dszn1s

L | 1o [
611& LAADLLAITNWBIVLAN

° N5 overflow %32 NaN 1&' define Gl% C
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Practice Problem 1: KEY Practice Problem 2: KEY - e

E = exp - Bias
M= 1xxx..x,

43

A ' &
LANATIII N GEGTRR S 5] o0 e
1 4-bits 3-bits
Fractional value Binary representation Decimal representation Bit Exponent Fraction Value
Representation e E of Y oF % M v Decimal
1
3 0.001 0.125
3
4 0.11 0.75 0 0001 000 1 -6 1/64 0/8 8/8  8/512 1/64 0.015625
25
16 1.1001 1.5625 0 0110 110 6 -1 1/2 6/8 14/8 14/16 7/8 0.875
43
16 10.1011 2.6875 0 0111 000 7 0 1 0/8 8/8  8/8 1 10
9
8 1.001 1125 0 0111 010 7 o0 1  2/8 10/8  10/8 5/4 1.25
47
8 101.111 5875 0 1110 110 14 7 128 6/8 14/8 1792/8 224  224.0
51
16 11.0011 3.1875 0 1110 111 14 7 128 7/8 15/8 1920/8 240  240.0
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® Bias = 2k1-1

Practice Problem 3: KEY #-1-se

M= O.xxx...x,
Wwaa e inaay ol [] e [ e ]
1 4-bits 3-bits
Bit Exponent Fraction Value
Representation  ~o™"p™" 5~ T A ixM V. Decimal
0 0000 000 O -6 1/64 0/8 0/8 0/512 0 0.0
0 0000 001 O -6 1/64 1/8 1/8  1/512 1/512 0.001953
0 0000 010 O -6 1/64 2/8 2/8  2/512 1/256 0.003906
0 0000 011 ©0 -6 1/64 3/8 3/8  3/512 3/512 0.005859
0 0000 110 O -6 1/64 6/8 6/8  6/512 3/256 0.011719
0 0000 111 0 -6 1/64 7/8 7/8  7/512 7/512 0.013672
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