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Integers Simple Rules for Integers

1’ 2, 37 4’ ° . '3101’ 102’ L n: LA 232582657_1’ ¢t e FOI' integers a and b

Ca+b=b+a

2. axb=bxaorab=ba
3. —axb=-ab
4. (—a) x (-b)=ab
5. ak = shorthand for a multiplied by itself k
times.
3*=3x3%x3x3
Note: a* x @™ = @™

T /
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® Integer 132NN INLAN

* 13991NITW IR (Natural/Counting Number) } commutative
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® Then we add o (zero), defined as
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[ O +anyintegern=0+n=n+0=n ]
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® Negative integer: -n, defined as

® -n is the number which when added to n gives zero
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[ n+(-n)=(-n)+n=o0 ]
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Factors and Primes [2]

® Not all integers have factors such as
3,5,7,11,13,...,22160911

®* These number are called primes (31 IWLANIE)

* WA1IWINTI%NT (division)

~ 1 Q/ =
° ‘lunsmwﬁluaam LR ADLABVDINIINIT

(remainder)

( o —zxqi ]
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Factors and Primes

® Many integers are products (Na@) of

smaller integers, for example

( P ]

®Here 2, 3 and 7 are called the factors (GT'J

1Jsrnou) of 42

® factorization = NNswanAIUsTNOD
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Factors and Primes | 3]

° 13211 9 NNIIAY 4 VZLRA LA 1
[ 9=2x4+1 ]

® For any integers X and y

| y=kxx+r ]
® where r is the remainder (LAY2BINITNT)

@) 4 1 1 o [ a
* n3th r 1w o (ewmd) 13181710797 x 113 y 89a3 (¢ 1waannsg)
° %38 Y B1308 X AIG)
. . - ¥ Q’/’ v Qs
« x divides y v3a x | y Tagndwaslduansn1smsase
* w2 | 128, 7 | 49 (Gan1IeLa1nnn)

* n3dh 3 w15 4 liasen unuaaduansat 314 *

indivisible
symbol
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Factorization 2]

List of primes: 2, 3, 5, 7, 11, 19, 23, 29......
more at: http://primes.utm.edu/lists/small/1000.txt

Factorization

°A2agd 2394

ﬁ 2394/2 =1197 \

2. Can’t divide by 2 again so try 3

*Tun1srnadsznauas integer n 1351

A ¥ o
113N ITIDNITADIAIT 1 AIYTIRIBLRANY
k=2,3,5,7,11,19,....

Lo Y o o 3. 1197/3 =399
01 n WI3I0E k a9A —> k Lilw factor 289 n 4. 399/3 =133 3
* M ImsBnAsIAIY k > 5. Can'tdivide by 3 again so try 5 i

gt 6. Can’t divide by 5 so try 7 g%

° A1 n B15028 k LaaIna ‘ 7. 133/7 = 19 (19 is prime so we are done) “

°* AIIIWBIBLANIZA0 A b

(<) ()

k 23904 =2 X 3 X 3 X7 X 19 /
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Numbers Modular Arithmetic [1]

® Integers * Operator 1115 1HN1391T NTEW LALABVAINTS

® Factors and Primes #13 A modulo N mod
® Modular Arithmetic

® The Euclidean Algorithm

® Operator: 7% (C/C++, Java, python)

® The operator simply gives the remainder after

oo
Rational and Reals division. For example,
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Scientists - Janacek and Close
Mathematics for Computer
Scientists - Janacek and Close

o .
Ceiling and Floor functions 25 mod 4 = 1because 25 + 4 = 6 remainder 1.

19 mod 5=4b/c19 =3 x 5 + 4.
24 mod 5 = 4.
99 mod 11 = 0.

® Number Systems: decimal, binary, octal,
hexadecimal
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Modular Arithmetic 2]

® We will ignore cases with negative number for now.

notation in this class

* These results can be written in a different ways | We will use this

[ 25=1mod40R25mod4=1/ ]

® Modular arithmetic is sometimes called clock arithmetic.
* 47 mod 4 1
® Going around 11 times

3
° - 0 2
And 2

® Stops at 3
3
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The Euclidean Algorithm

* THAMAEIEAT AIRITIINNIN KD 1.9.4.

(501‘1:]15': greatest common divisor: gcd)

o [~ o =2 1 @) ¢ v o
maam%a%muaaamuawﬁﬂuLﬂ%gmzmsaunu

o [~ { H H q’f ) Y 1
ﬁamwmmar?lmnﬁqﬂﬁmsmaaamua%aam LW

* gcd 209 15 LAz 25 Aa 5

® The Euclidean algorithm for finding the gcd is
one of the oldest algorithms known, it appeared

in Euclid’s Elements around 300 BC.

Image: http://www.glogster.com/codster72011/fun-facts-about-euclid

Ref: http://th.wikipedia.org/wiki/fawmsiasznn
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Numbers

® The Euclidean Algorithm
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The Euclidean Algorithm [2]

® Suppose a is an integer smaller than b.

C Divide b by a. \

2. If the remainder is zero, then b is a multiple
of a and we are done. (a is the ged)

3. If not, divide the divisor a by the
remainder.

4. Continue dividing the last divisor by the
last remainder, until the remainder is zero

Q The last non-zero remainder is the ged /
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The Euclidean Algorithm [3]

® For example 246 and 72

STEP 1 246 mod 72 = 30

STEP 2 72 “mod 30 A=/12
STEP 3 30 mod 12 A=/6
STEP 4 12 mod @ ‘=/0

®So the ged of 246 and 72 is 6
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The Euclidean Algorithm [4]

° Now let’s try 1071 and 462

STEP 1 mod

STEP 2 mod 4=/

STEP 3 mod

®*So the gcd is
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Rationals and Reals

* A rational number (1% 2%#6A33N8Z) is a number that
can be written as gwhere P and Q are integers.
Examples are:

13 7 7
24116
® For every integer n, except zero, there is an inverse
(auna‘ga), written % which has the property that
1 1
nxX —=—xn=1
n n

¢ multiplying % by m gives a fraction % These are

called rational numbers
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Rationals and Reals [ 2]

* WaNANI ﬁ'aﬁﬁuawﬁlﬂﬁvfﬁﬂuqmﬁu hay
Tailagwrwassnes 1w vz Niaais1sardaw i
agﬂ%gﬂmmifmv[ﬁ 138N MWIBAATINGL
(irrational numbers)

) 3 al Numbers
* §I1%I1939 (real numbers) e e
Rational livational
® Irrational: 7,/2,V/3, ... ok rrationa
* Rational: -3.4,~, 9.454545...... Integer i

= s thar
Who fﬁ [g;f:m Ehis
‘ Natural

swould realty be "
Image: http://leferemath.weebly.com/rational-numbers.html

® .
Integer. -2,5,-9,0, ... the, biggest areat

® Whole: 0,1, 2,3, ...

® Natural: 1, 2, 3, ...
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¢ Ceiling and Floor functions
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Notations

4 4
LATDINRNLDW 9
®If x is less than (W@8n31) y

® then we write x < y. If there is a possibility that
they might be equal then x < y (ha8n31%30
N

Mathematics for Computer
Scientists - Janacek and Close

® We can also write y > xor y >x

* Y is greater than (&l'mﬂ‘i'l) X or greater than or
equal to (NIANARIDNIND) X

o)
N
N

—
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Notations [2]

°® Floor function (ﬁan%uwu) of a real number X,
denoted by [x] or floor(x), e suilvaans
Lﬂ%%’]%’)%tﬂ&ﬂ&'}ﬂﬂﬁﬂ‘n%aElﬂ’l’] WIBWMNNU X L%%

|5] fidwiniu s
* UA floor(-3.6) W3a [ -3.6] fAnnny -4

- floor(2.7) w3a [2.7] fiAavinu 2

F ¥ ¥ o [l 1
* Taasluneansisvasidndnwinninlals integer

Mathematics for Computer
Scientists - Janacek and Close

* Ceiling function (Werizwinaw) [ x] vuinfiaseng
AU floor
- ceiling(2.7) w3a | 2.7|faunnu 3
e Jaauluneausnvasidusmiumnlaly integer

o)
N
H

—
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Notations [3] Notations [4]

1 -4 . .
® The absolute value (AN&ENLI %30 modulus) ° We met a®* when we discussed integers and

of x written | x | is just x when x > 0 and —x in the same way we can have x¥when x and y

when x<oso|2|=2and| -6 |=6 are not integers e.g. 2.53%70r 0.251/2

® The famous result about the absolute value ® Note however that

Mathematics for Computer
Scientists - Janacek and Close
Mathematics for Computer
Scientists - Janacek and Close

is that for any x and y
a° =1 for all a except zero

[ Ix+y|<|x|+]|y] ] ob = o for all values of b where b > o
0°is undefined mathematically (in C you might get 1)
(=) (2)
204111: Fundamentals of Computer Science 204111: Fundamentals of Computer Science
Numbers Number Systems

°* STUUINWINN Li'lé:ummtaxwumnﬁqﬂ‘lu
#7InUsza1InABLa2Z W 10 (Decimal

System)

* 3459 is shorthand (31l¢ia) for

3x1000+4x100+5%x10+9
OR

3x103+4x10%24+5x%x101+9x 10°

Mathematics for Computer
Scientists - Janacek and Close
Mathematics for Computer
Scientists - Janacek and Close

® Number Systems: decimal, binary, octal,
hexadecimal

Q/

° AN (position) WBIAAUNAMNE ALY
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Number Systems [2]

1 0o @ @ )
° 15131021 103 = 1000 NTHLAVLNANAILITWINBIN
Al (negative) L5% 103 ﬁmﬂﬁommhuslugﬂ %
* Twaagiudy i ldaanaties (Decimal Point)
UAZAUABIANAVAAIIAN AR NLNDUERY
1 H 1 [~
LAREIW N TN N AT 100
° 131F@INIDLDYW 123.456 ‘lu;sa]

1x102+2x101+3x10° +.+4x101+5%x102+6 x 103
@

Decimal Point
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Binary

* utdganwnulensdhiaagin 10 ieuniouaas
AURIIUN 107 THIZULLAFIUEDI WARE
FULHRBIUNHAIY 20

Decimal in powers of 2 power of 2 Binary number
number 3 2 1 0

8 = 23 1 0 00 1000

7 = 22427420 0 1 1 1 111

6 = 22421 01 1 0 110

5 = 22420 01 0 1 101

4 = 2?2 01 00 100

3 = 21420 0011 11

2 = 2! 0010 10

1 = 20 00 0 1 1
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Number Systems [3]

® Today the common number systems are
® Decimal number system: 1%&@5?’11&& 0-9; 371
(base) 10
® Binary number system: 1%5@51‘119&5 0,1; ) 2

o 6

® Hexadecimal number system: ‘l?’i’&'ﬂganﬂm 0-9 uag
A-F; 371 16
°hereA=10,B=11,C=12,D=13E=14,F=15.

® Octal number system: Gl%'ﬁ'myé’nmﬁ 0-7; 374 8
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Binary Conversion

>

X/2  remainder

TERVN

* 137813130 1% modulo (M3
wistenae) Iunsilaan 8

(02]
HN

g 10 1naugin 2 —
A2881915% 88 44 22 0
* Waxi2=0 slﬁlﬁyﬂ% column —
JANEIINE WL 242/11 0
* 9zlain T L
* 88, =1011000, —
* A5haansaly uasaz 5 2 1
313 10 1Hugwdu 9 —
LAWY 2 L/l 0
1 o 1
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Binary Conversion [2]

¢ Let's try with 95 |

* 9510 =

There are 10 types of people.

Those who understand binary and

those who don’t.
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Binary Decimals

| |

2]

X X X2 LxeJ

® Let's try with 0.4 |

* Iuurensabsrazla

a 1Y
nengnliioy

°04, =
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Binary Decimals

X X X2 Lx X 2J
0.6875 1.375 1

°* MsrdagnLaunanay

21z % 10 1l 31w 2
1919z laWan T floor 0375 075 0

° 138 x x 2 =1 lmdan 0.75 1.5 1

\
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* 0.6875,,=0.1011,
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Addition in Binary

0+0 = O
0O+1 =1
1+1 =10 ($iesan 1 +1 fandn 118 0 uaz nalunanaaly)

1+1+1 = 1+(1+0) =1+10 =11

[
2
=}
O
©
c
©
~
[}
s}
@
=
©

.
[}
3
5
a
e
o
o
=
o
i)
n
4}
35
©
e
[}
=
r=}
©
=

* msuanaaluaagin 2 Sanvmeaaiglugiw 10
110101
+ 1 01 1 10
1 1 00 0 1 1 Sum
1 1 L)

AUARINLNANIINALAY
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Subtraction in Binary

I
O = =
OO =
Ol = O
= = =

0 1
1 0
1 1 difference
~ v U

* nsautaa lwauginaasfianwmeaaigln

g% 10 B1nA2as lwnanle o linadmsy

U P~} (-] W)
AN3aU NIW "ady” nuanan L
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Tips

¥ -]

2adILNA
111, = 7 and 111, x 2 = 14 = 1110,
101, = 5 and 101, X 2 = 10 = 1010,

U ¥ o
*nsamtaz e 9 lugiw 2 ae 2 Twadua
wilin1egng 1 aunkanaLa 0
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Multiplication in Binary

NIABLRVIIN 10
u LS

1256 7 8 G603

X 3 8 7 A

8 7 9 7 4 6 am 7

1 005 4 2 4 2EUTIY 1 GuAkILA I 8

3 770 3 4 AHUTY 2 GILRHILAIA D 3

4 8 6 3 7 3 8 6 HAUINAENNUIING
NTAMLAVF I 2

1 001 110 Multiplicand

X 1 0 1 Multiplier

1 001 110 times 1

0 000 O OO0 Shift left one and times 0

1 00 1 110 Shift left two and times 1

110000110 Add to get the product
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Octal

* malAawaegiw 2 1Jugw 8 (= 29) Thudaaagu
\Junga nanaz 3 AnaINuan 2°
® L% 11000010001

H 1 1 [~ 1
. ué’fﬁatﬂﬁﬂmaw‘lmmaznquLﬂ%ﬂ'fl%g'm 10 (0-7)

000 N\

001 11000010001
010

011 11 000 010 001
100
101

110 3021

111 /
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Hexadecimal

* maulfgwaagiw 2 flugiw 16 (= 2¢) TRudsaw
[ 1 1 o a [ 0
g'lmﬂunqu naaas 4 AILINIINKWAN 2
¢ lﬁ% 01011110101101010010

4 1 1 [<f 1
* uadaiaswavlwuaaznganduan luangw 16

4 1011110101101010010 )
A =10
(E:‘ = E 101 1110 1011 0101 0010
D =13
o 1s 514 11 5 2
Summary

¢ Integers

® Factors and Primes

¢ Modular Arithmetic

® The Euclidean Algorithm

° Rational and Reals

¢ Ceiling and Floor functions

® Number Systems: decimal, binary, octal,
hexadecimal
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Final Notes

time to understand a lot of code and you

reading a manual - you have to do it!

do it.

\_

/[Math] is a little like programming, it takes\
never understand how to write code by just

Mathematics is exactly the same, you need to

!
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