Minimum Spanning Tree



Minimum Spanning Tree

® Minimum Spanning Tree Problem (MST)
® Cut property and Cycle property
®* MST algorithms

® Prim

® Kruskal and Union-Find
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Applications

®* Network design

® Telephone, electrical, cable TV

® Approximation algorithms for NP-hard problem

® Traveling salesman problem

® Indirect applications
® peer to peer streaming
® data mining

® clustering
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Minimum Spanning Tree
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® Kruskal’s algorithm
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® Prim’s algorithm
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® Cut property
® Cycle property



Cut Lbaz Cut set

* Cut: Cut AB subset ARILUURA

® Cutset: Cutset D 224 Cut S Aa subset ARILFULTANN
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CutC={6, 7, 9}
Cutset D = 4-6, 3-7,8-9
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Cycle
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Cycle-Cut Intersection
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Cutset D = 4-6, 3-7,8-9

Cycle C=1-2, 2-3, 3-7,7-6, 6-4, 4-1

Intersection = 3-7, 6-4
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Cut and Cycle property
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Cut property
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Cut property
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Cut property
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Cut property
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Cycle property
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Cycle property
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Cycle property

* e liiesanIsNgau auumﬁ’ﬁmﬁfnmmﬁuﬁauwnngiu"laiw'nﬁ’u

* cycle property 1 C unu cycle 1o 9 11 G uazlyi f unwduidany
dminunniigealu C uda MST T* azdaslad f

o\

a 4 | %4 (%4 [
* NAAU wgquimwﬂmmmq

ANNAIN fadlu T* aziinazlsau

u

NULDUALEIL A AN RINANNAN LN A5



Cycle property
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Kruskal's algorithm

Lt priority queue Tunisinu
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Algorithm KruskalMST(G)
for each vertex V in G do
define a Cloud(v) of = {v}
let Q be a priority queue.
Insert all edges into Q using their
weights as the key
T=0
while T has fewer than n-1 edges do
edge e = T.removeMin()
Let u, v be the endpoints of e
if Cloud(v) % Cloud(u) then
Add edgeeto T

Merge Cloud(v) and Cloud(u)
return T



Kruskal's algorithm
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Kruskal's algorithm
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Prim’s algorithm
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Kruskal's algorithm
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Disjoint-set data structure
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® Disjoint-set data structure Lﬂu‘l‘,ﬂﬁqmqwmﬂawmmu
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Basic abstractions
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a path connecting one
object to another?

two objects
® find operation: is there is

® union operation: connect

® set of objects
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Objects

Union-find applications involve manipulating objects of all types.
® Computer in a network

®* Web pages on the Internet

Variable name aliases

Connected components

When programming, convenient to name them to 0 to N-1
® Hide details not relevant to union-find
® Integers allow quick access to object-related info

® could use symbol table to translate from object names



Union-find abstractions

Simple model captures the essential nature of connectivity

® Objects
o 1 2 3 4 5 6 7 8 9

® Disjoint sets of objects
o 1 {2 3 74 4 {5 6} {8

® Find query: are objects 2 and 9 in the same set?

0 1 2 3 77 4 {5 6} {8 9}
® Union command: merge sets containing 3 and 8

o 1 {2 3 7 8 9 4 {5 6}

9}



Connected Components

® Connected component: set of mutually connected

vertices

o

3 connected components

After union(0,4),
2 connected components

31




Quick-find

Data structure
® Integer array id[] of size N

® Interpretation: p and q are connected if there have the
same id.

i 10/1/2/3/4/5/6/7 89

dlifl] 0 1.9 9 9 6 6 7 8 9

5 and 6 are connected
2,3,4 and 9 are connected
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Quick-find

i 1011234567 8 9 Frmmrmeme—e

idli] 0199966 7 89 |234and9are connected

® Find: check if p and g have the same id.

® Union. To merge components containing p and q,

change all entries with id[p] to id[q].

i lol11213ja/56/7 (8o JEXEETL
2,3,4,5,6 and 9 are connected

idlil 01666667386

problem: many value can change
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Quick-find:Implementation

int id[N];
void QuickFind(int N){
for(int i=0; i<id.lenght(); i++)
id[i] = i;
}
int find(int p, int )X
return id[p]==id[q];

Quick-find algorithm may take ~MN steps to
process M union commands on N objects

}
void unite(int p, int q){
int temp = id[p];
for(int i=0; i<id.lenght(); i++)
if(id[i]==temp)
id[i] = id[q];



Quick-union

Data structure
® Integer array id[] of size N
® Interpretation: id[i] is parent of i.

® Root of i id[id[...id[i]...]]

i 10/112/3]4/5/67/89

idlil]l 01949667389

O g@@
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Quick-union

i 101112/31415/6/7)8 |9 Mighg 2\% ve

idli]l 01949667389

® Find(p, q): check if p and q have the same root.

® Union(p, q). Set the id of g’'s root to the id of p’s root

i 0111213141567 8 19 ekl
|d[|]019496978900.5§ ©

only one value changes

problem: trees can get tall
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Quick-union:Implementation

int id[N];
void QuickUnion(){
for(int i=0; i<id.lenght(); i++)

id[i] = i;
}
int root(int i){
while(i !=id[i])
i=id[i];
return I;
}

int find(int p, int q){

return root(p)==root(q);
}
void union(int p, int q){

int i = root(p);

int j = root(q);

id[il=j;

Practice :

Draw the final tree when
call union operation with this
sequence:

3-4, 4-9, 8-0, 2-3, 5-6, 5-9, 7-
3, 4-8, 6-1
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Improvement 1: weighting

Weighted quick-union

® Modify quick-union to avoid tall trees.

® Keep track of size of each component.

® Balance by linking small tree below large one.
Ex. Union of 5 and 3

® Quick union: link 9 to 6

® Weight quick union: link 6 to 9

O

g@@
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Weighted quick-union

Almost identical to quick union.

Maintain extra array sz[] to count number of elements in the tree rooted at |
Find. Identical to quick-union

Union. Modify quick-union to
merge smaller tree into larger tree

update the sz[] array

if(sz[i] < szlj]) {
id[i] = j; szl[j] += sz[i];
} else {

id[j] = i; sz[i] += sz[j];



3-4

4-9

8-0

2-3

5-6

5-9

7-3

4-8

6-1

0123356789
0123356783

8123356783
8133356783
8133355783
8133335783
8133335383
8133335333

8333335333

trees stay flat
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@@@%@@@@@
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Performance

N 1

Quick-find
Quick-union N N
Weighted QU lg N lg N

* Homework: b# Implement Union-Find Data structure
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